The time fractional diffusion equation with appropriate initial and boundary conditions in an n-dimensional whole-space and half-space is considered. Its solution has been obtained in terms of Green functions by Schneider and Wyss. For the problem in whole-space, an explicit representation of the Green functions can also be obtained. However, an explicit representation of the Green functions for the problem in half-space is difficult to determine, except in the special cases Þ = 1 with arbitrary n, or n = 1 with arbitrary Þ. In this paper, we solve these problems. By investigating the explicit relationship between the Green functions of the problem with initial conditions in whole-space and that of the same problem with initial and boundary conditions in half-space, an explicit expression for the Green functions corresponding to the latter can be derived in terms of Fox functions. We also extend some results of Liu, Anh, Turner and Zhuang concerning the advection-dispersion equation and obtain its solution in half-space and in a bounded space domain.
Introduction
Applications of fractional derivatives can be dated back to the 19th century. For example, Caputo and Mainardi found good agreement with experimental results when using fractional derivatives for the description of viscoelastic materials [10, 11] . More recently, the idea has emerged that the space and/or time fractional partial differential equation, obtained from the standard partial differential equation that replaces the space-derivative and/or time-derivative by a fractional derivative, may more accurately describe some physical problems than the corresponding standard partial differential equation. More and more works by researchers from various fields of science and motion model predicts.
The results presented in this paper are based on the works of Schneider and Wyss [29] and Liu et al. [19] .
The time fractional diffusion equation
We consider the equation @ Þ u.x; t/ @t Þ = 1u.x; t/; 0 < Þ ≤ 1; (2.1)
with the fractional derivative defined in the Caputo sense [9] : where ' is a continuous function. Properties and more details about Caputo's fractional derivative can be found in [20, 24] . The Laplace transform of a function '.t/, 0 < t < ∞, is defined as follows [20, 24] :
There is a fundamental formula
We refer to (2.1) as the time fractional diffusion equation (TFDE). For this equation, there are a series of papers (see [20] and the references therein) which consider the following two basic problems, which are initial value problems (IVPs) or initial boundary-value problems (IBVP) respectively: Problem I: The TFDE in a whole-space (IVP)
u.x; 0
Problem II: The TFDE in a half-space (IBVP)
u.x T ; +∞; t/ = 0; t > 0; (2.8) with given sufficiently well-behaved functions f and v. The notation is as follows:
n−1 × {0}; x = .x 1 ; x 2 ; : : : ; x n / ∈ ; x T = .x 1 ; x 2 ; : : : ; x n−1 / ∈ Ê n−1 ; x 0 = .x 1 ; x 2 ; : : : ; x n−1 ; 0/ ∈ @ :
For problem I, the solution has been obtained by Schneider and Wyss [29] :
where G Þ .x; t/ is referred to as the Green function or fundamental solution, which is intended to be the solution for the IVP corresponding to the initial condition f .x/ = Ž.x/ (where Ž denotes the Dirac delta distribution): 
.2/ f = 0; v = 0; (2.9) which Schneider and Wyss called first and second type problems respectively. They also obtained solutions in terms of their corresponding Green functions. However, they only derived an explicit representation of the Green functions for the first type problem and that for the second type problem for some special cases. In fact, the second type problem can be further subdivided by the choice of ½; ¼ in (2.7):
.3/ ½ = 0; ¼ = 1:
Then their solutions may be expressed [29] as
where the indices j = 1; 2; 3 correspond to the cases ( j ) of (2.10). However, Schneider and Wyss [29] did not succeed in finding explicit representations for G Þ j except in the special cases Þ = 1 with arbitrary n, or n = 1 with arbitrary Þ. For the special case when Þ is set to be one, they found that G Þ j ( j = 1; 2) are non-negative. They then wanted to know whether this remains true for arbitrary n with 0 < Þ < 1. They pointed out that this question remained open for n > 1.
Based on the work of Schneider and Wyss, we try to resolve the above questions. In other words, we provide explicit representations for G Þ j ( j = 1; 2) and show that they are indeed non-negative for arbitrary n and 0 < Þ ≤ 1.
The TFDE in one spatial dimension
In order to motivate the technique and for simplicity, we first focus our attention on (2.1) in one dimension, that is,
The following basic initial and boundary conditions are considered: (a) The Cauchy problem (IVP)
The solutions of the Cauchy and signalling problems were derived respectively [29] to be
where G Þ c and G Þ s are the corresponding Green functions which represent the socalled fundamental solutions, obtained when f .x/ is set to be Ž.x/ or g.t/ to be Ž.t/ respectively. It should be noted that G Applying the Laplace transform (2.2) to (2.12) with respect to variable t and using the formula (2.3) with (2.13) for f .x/ = Ž.x/, we obtain
Because of the singular term Ž.x/, we have to consider the above equation separately in the two intervals x < 0 and x > 0, imposing the natural boundary conditions (2.14) and the necessary matching conditions at x = 0. Then we obtain
For the signalling problem, the same application of the Laplace transform to (2.12) with (2.15) leads to
Returning to the time domain and letting z = x −2=Þ t, we obtain the solution
Here w þ (0 < þ < 1) denotes the one-sided stable (or Lévy) probability density [29] characterised by its Laplace transform w þ . p/ = e − p þ . In fact, it can be explicitly expressed [29] as
From (2.17) and (2.18), we recognise that for x > 0,
and in the time domain we obtain the relation
Then we can obtain the explicit representation for G
which is in agreement with the known result in [29] . REMARK 1. We can easily show that G Þ c is a probability on Ê, for G Þ c .x; t/ = G Þ c .|x|; t/ and that w þ .z/ is a probability on Ê + . REMARK 2. We can obtain similar results for 1 < Þ ≤ 2 if we add another initialvalue condition .@u=@t/.x; 0/ = 0.
2.2.
The TFDE in an n-dimensional half-space Using a similar method to that outlined above, we can treat (2.1) in an n-dimensional space, that is to say, we will analyse the Green function in (2.11) corresponding to the second type of problem II. We useḡ.k; x n ; p/ to denote a Fourier transform with respect to variable x T and a Laplace transform with respect to variable t for the function g.x; t/, that is,
For problem I, the Fourier-Laplace transform for (2.1) with the initial condition (2.4) for f .x/ = Ž.x/ leads to
Taking into account the boundary condition (2.5) and the necessary matching conditions at x n = 0, we derivē
For problem II, the application of the Fourier-Laplace transform to (2.1) with (2.6), where f .x/ = 0, leads to @ 
For the particular choices that Þ = 1 or n = 1, the results are in good agreement with those in [29] .
The time fractional advection-dispersion equation
As an application of the derived theory we extend the above analysis to the time fractional advection-dispersion equation (TFADE) which Liu et al. [19] investigated recently. Furthermore, we seek the solution for the TFADE in a bounded domain using the same approach as in [1] . The TFADE is obtained by replacing the time derivative in the advection-dispersion equation by a generalised derivative of order Þ with 0 < Þ ≤ 1:
with the initial condition
where ¹ ≥ 0, D > 0 and @ Þ C.x; t/=@t Þ is a Capato's fractional derivative. This system can be expressed by the following integral equation:
with n − 1 < Þ ≤ n, n = 1. To reduce the above equation to a more familiar form, let
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The TFADE is then reduced [19] to
where The application of the Laplace transform to (3.4) with (3.9) gives
with the general solution
Taking into account the boundary conditions (3.10) , that is, 
By the relation (3.3), we obtain another form of the reduced TFADE
with the boundary conditions
and initial condition (3.5) . Taking the finite sine transform of (3.13), and applying the boundary conditions (3.14), we obtain @ Þū .n; t/ @t Þ = −¼ 2ū .n; t/ − .an/ 2ū .n; t/; t > 0; (3.15) where a = ³=L, n is a wave number andū.n; t/ = L 0 u.y; t/ sin.any/ dy is the finite sine transform of u.y; t/. The finite sine transform of (3.5) is By the relation (3.3), we can obtain the solution C.x; t/.
Conclusions
We consider the time fractional diffusion equation and the advection-dispersion equation respectively in an n-dimensional whole-and half-space. We investigate the explicit relationships between the problems in whole-space with the corresponding problems in half-space using the Fourier-Laplace transform (2.19). Then fundamental solutions of the problems in half-space are obtained under the precondition that the fundamental solutions of the problems in the whole-space are known. We resolve some of the remaining problems stated in [29] . Furthermore, the time fractional advection-dispersion equation in a bounded space domain is also considered. Its solution is derived by the finite sine and Laplace transforms. In future research, we will consider their applications in hydrology and numerical simulation.
